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LINEAR GROUPS, CONJUGACY GROWTH, AND CLASSIFYING SPACES
FOR FAMILIES OF SUBGROUPS
TIMM VON PUTTKAMER AND XIAOLEI WU
Abstract. Given a groupG and a family of subgroups F , we consider its classifying space
EFG with respect to F . When F = VCyc is the family of virtually cyclic subgroups, Juan-
Pineda and Leary conjectured that a group admits a finite model for this classifying space
if and only if it is virtually cyclic. By establishing a connection to conjugacy growth we
can show that this conjecture holds for linear groups. We investigate a similar question that
was asked by Lu¨ck–Reich–Rognes–Varisco for the family of cyclic subgroups. Finally, we
construct finitely generated groups that exhibit wild inner automorphims but which admit
a model for EVCyc(G) whose 0-skeleton is finite.
Introduction
Given a group G, a family F of subgroups of G is a set of subgroups of G which is
closed under conjugation and taking subgroups. We denote by EF (G) a G-CW-model for
the classifying space for the family F . The space EF (G) is characterized by the property
that the fixed point set EF (G)
H is contractible for any H ∈ F and empty otherwise. Recall
that a G-CW-complex X is said to be finite if it has finitely many orbits of cells. Similarly,
X is said to be of finite type if it has finitely many orbits of cells of dimension n for any n.
We abbreviate EF (G) by EG for F = VCyc the family of virtually cyclic subgroups, EG
for F = F in the family of finite subgroups and EG for F the family consisting only of the
trivial subgroup. In [JL06, Conjecture 1], Juan-Pineda and Leary formulated the following
conjecture:
Conjecture A. [JL06, Juan-Pineda and Leary] Let G be a group admitting a finite model
for EG. Then G is virtually cyclic.
This conjecture has been proven for hyperbolic groups in the same paper and its validity
has been extended, for example to elementary amenable groups [KMN11], acylindrically
hyperbolic groups, 3-manifold groups, one-relator groups and CAT(0) cube groups [vW].
Note that a group G admits a model for EG with a finite 0-skeleton if and only if the
following holds
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(BVC) G has a finite set of virtually cyclic subgroups {V1,V2, . . . ,Vn} such that every
virtually cyclic subgroup of G is conjugate to a subgroup of some Vi.
Following Groves andWilson, we shall call this property BVC and the finite set {V1,V2,
. . . ,Vn} a witness to BVC forG. So far almost all the proofs of Conjecture A boil down to
verifying whether the group has BVC. In fact, the following conjecture was made in [vW,
Conjecture B]
Conjecture B. Let G be a finitely presented group which has BVC. Then G is virtually
cyclic.
Note that there are many finitely generated torsion-free groups with BVC that are not
virtually cyclic, some groups with additional properties are constructed in Section 4. By
establishing a connection between conjugacy growth and BVC, our first theorem verifies
Conjecture B and hence Conjecture A for linear groups.
Theorem I. [2.11] A finitely generated linear group has BVC if and only if it is virtually
cyclic.
The theorem also puts very strong restrictions on linear representations of a group with
BVC.
Corollary. [2.12] Let ϕ : G → L be a surjective homomorphism where G is a finitely
generated group with BVC and L is linear. Then L is virtually cyclic.
Note that, strictly speaking, this does not directly follow from Theorem I if the linear
group G is not virtually torsion-free, since the BVC property is not inherited by quotients
in general (see Corollary 4.22). This was one reason for us to introduce the weaker notion
bVCyc, or more generally bF for a family of subgroups F , that is inherited by quotients,
see Section 1.
When F = Cyc, the family of cyclic subgroups, a similar question was asked by Lu¨ck–
Reich–Rognes–Varisco [Lu¨c+, Question 4.9]:
Question A. Does a group G have a model of finite type for ECycG if and only if G is finite,
cyclic or infinite dihedral?
The case of the infinite dihedral group was missing in the original formulation of the
question in [Lu¨c+] but has to be included as we show in Lemma 3.9.
Similar to the case of the family of virtually cyclic subgroups, a groupG admits a model
for ECycG with a finite 0-skeleton if and only if the following holds
(bCyc) G has a finite set of cyclic subgroups {C1,C2, . . . ,Cn} such that every cyclic sub-
group of G is conjugate to a subgroup of some Ci.
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It turns out that once we answer Question A positively for virtually cyclic groups, most
of the proofs of Conjecture A also apply to Question A. In fact, we prove in Section 3 the
following
Theorem II. For the following classes of groups, Question A has a positive answer.
(a) elementary amenable groups
(b) one-relator groups
(c) acylindrically hyperbolic groups
(d) 3-manifold groups
(e) CAT(0) cube groups and
(f) linear groups
In analogy to Conjecture B, we can phrase the following
Question B. Suppose G is a finitely presented group which has bCyc. Is G necessarily
finite, cyclic, or infinite dihedral?
Once more, we obtain a proof of Theorem II essentially by answering Question B with
the exception of the class of elementary amenable groups. Here, we additionally rely on
stronger finiteness conditions that are imposed on the group by having a model of finite
type for ECyc(G).
In the last section of this paper we construct groups which can serve as counterexamples
for various reasonable questions regarding the BVC resp. bCyc property. For example, in
Lemma 2.4 we show that a finitely generated group with BVC whose infinite cyclic sub-
groups are quasi-isometrically embedded can have at most linear conjugacy growth. Part
(c) of the following theorem shows that one cannot dispense with the assumption on quasi-
isometrically embedded infinite cyclic subgroups. The main tools for the constructions
are HNN extensions and small cancellation theory over relatively hyperbolic groups as
developed in [Osi10] and [HO13].
Theorem III. (a) There exists a finitely generated torsion-free group G with a finite
index subgroup H such that H has bCyc but G does not. [4.6]
(b) There exists a finitely generated torsion-free groupG = H⋊Z such that G has bCyc
but H does not. [4.18]
(c) There exists a finitely generated torsion-free group G with bCyc that has exponen-
tial conjugacy growth. [4.20]
Note that Leary and Nucinkis [LN03] give examples of groups H ≤ G where H is a
finite index subgroup of G such that H has a finite model for EH (= EH here) but G has
infinitely many conjugacy classes of finite subgroups.
Results of this paper will also appear as part of the first author’s thesis.
Acknowledgements. The first author was supported by an IMPRS scholarship of the
Max Planck Society. The second author would like to thank the Max Planck Institute for
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Mathematics at Bonn for its support. We also would like to thank Denis Osin for helpful
discussions regarding the proof of [HO13, Theorem 7.2].
1. Groups Admitting a FiniteModel for EG and Property bF
In this section we first review some properties of and results on groups admitting a finite
model for EG. Most of this material is taken directly from [vW, Section 1]. Afterwards,
we introduce the notion bF for a family of subgroups F , which, for F = VCyc is slightly
weaker but more flexible than the BVC notion.
We summarize the properties of groups admitting a finite model for EG as follows
Proposition 1.1. Let G be a group admitting a finite model for EG, then
(a) G has BVC.
(b) G admits a finite model for EG.
(c) For every finite subgroup of H ⊂ G, the Weyl group WGH is finitely presented and
of type FP∞. Here WGH = NG(H)/H, where NG(H) is the normalizer of H in G.
(d) G admits a model of finite type for EG. In particular, G is finitely presented.
Remark 1.2. If one replaces finite by finite type in the assumptions of the above proposi-
tion, then the conclusions still hold if one also replaces finite by finite type in (b).
Lemma 1.3. [vW, Lemma 1.3] Let G be a group. There is a model for EG with finite
0-skeleton if and only if G has BVC.
The following structure theorem about virtually cyclic groups is well known, see for
example [JL06, Proposition 4] for a proof.
Lemma 1.4. Let G be a virtually cyclic group. Then G contains a unique maximal normal
finite subgroup F such that one of the following holds
(a) the finite case, G = F;
(b) the orientable case, G/F is the infinite cyclic group;
(c) the nonorientable case, G/F is the infinite dihedral group.
Note that the above lemma implies that a torsion-free virtually cyclic group is either
trivial or infinite cyclic. Thus we have the following
Corollary 1.5. Let G be a torsion-free group, then G has BVC if and only if there exist
elements g1, g2, . . .gn in G such that every element in G is conjugate to a power of some gi.
Lemma 1.6. [vW, Lemma 1.6] Let V be a virtually cyclic group and let g, h ∈ V be two
elements of infinite order, then there exist p, q ∈ Z such that gp = hq. Furthermore, there
exists v0 ∈ V such that for any v ∈ V of infinite order there exist nonzero p0, p such that
v
p0
0
= vp with
p0
p
∈ Z.
LINEAR GROUPS, CONJUGACY GROWTH, AND CLASSIFYING SPACES FOR FAMILIES OF SUBGROUPS 5
Lemma 1.7. [vW, Lemma 1.7] If a group G has BVC, then G has finitely many conjugacy
classes of finite subgroups. In particular, the order of finite subgroups in G is bounded.
In a group G, we call an element g primitive if it cannot be written as a proper power.
Note that a primitive element is necessarily of infinite order. Corollary 1.5 implies the
following
Lemma 1.8. Let G be a torsion-free group. If G has infinitely many conjugacy classes of
primitive elements, then G does not have BVC.
Lemma 1.9. [KMN11, Lemma 5.6] If a group G has BVC, then any finite index subgroup
also has BVC.
Definition 1.10. Let F be a family of subgroups. For a natural number n ≥ 1, we say that
a group G has property nF if there are H1, . . . ,Hn ∈ F such that any cyclic subgroup of G
is contained in a conjugate of Hi for some i. We say that G has bF if G has nF for some
n ∈ N.
We are mostly interested in bVCyc as both bCyc and BVC imply bVCyc, which leads
to unified proofs when we deal with finiteness properties of ECyc(G) and EG. Note that for
torsion-free groups all three notions agree. However, as the following two examples show,
they generally do not coincide.
Example 1.11. Consider the group Z × Z/2. It is virtually cyclic, thus has bVCyc as
well as BVC. But it does not have bCyc. In fact, for any n ≥ 1, let Cn be the subgroup
generated by (2n, 1). Then for any m , n, Cm cannot be conjugate to a subgroup of Cn.
See Proposition 3.8 for more information.
Example 1.12. Taking G = (Z/2)∞ and applying [Osi10, Thereom 1.1], one embeds G
into a finitely generated group with only three conjugacy classes. In particular, this group
has bCyc and bVCyc. But it cannot have BVC, since the orders of finite subgroups are not
bounded (Lemma 1.7).
The following is immediate:
Lemma 1.13. Suppose the family F is closed under quotients. If π : G → Q is an epimor-
phism and G has bF , then Q has bF .
Lemma 1.14. Let K ≤ G be a finite index subgroup and suppose G has bF . Then K also
has bF .
Proof. Let m = [G : K] and let Kgi for 1 ≤ i ≤ m be the right cosets. Furthermore
let {H1, . . . ,Hn} be a witness of bF for G. Then consider the following finite collection of
subgroups of K which lie in F :
{giH jg
−1
i ∩ K | 1 ≤ j ≤ n, 1 ≤ i ≤ m}
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We claim that these form a witness to bF for K. Let C ≤ K be some cyclic subgroup, then
there exists some g ∈ G such that C ≤ gH jg
−1 for some j. Write g = kgi for some i and
some k ∈ K. Then k−1Ck ≤ giH jg
−1
i
∩ K. 
Theorem 1.15. Let G be a finitely generated group in one of the following classes
(a) virtually solvable groups,
(b) one-relator groups,
(c) acylindrically hyperbolic groups,
(d) 3-manifold groups,
(e) CAT(0) cube groups.
If G has bVCyc, then G is virtually cyclic.
Proof.
(a) The proof works the same as [GW13] without much change. In fact [GW13,
Lemma 2.1] is available for bVCyc by Lemma 1.14. [GW13, Lemma 2.2] is still
available via almost the same proof. Moreover, [GW13, Lemma 2.3] can be easily
deduced from Lemma 1.13. [GW13, Lemma 2.4] can be directly applied to the
bVCyc case, since BVC is the same as bVCyc for a torsion-free group.
(b) If G contains torsion, the group is hyperbolic by Newman’s Spelling Theorem
[New68] and the claim follows from (c) below. Otherwise G is torsion-free and
the result follows from [vW, Theorem 2.12]. One can also check that the proof of
[vW, Theorem 2.12] indeed works for bVCyc.
(c) The proof of [vW, Proposition 3.2] showed thatG does not have bVCyc. In fact, it
was shown that there are infinitely many primitive conjugacy classes of elements in
G such that any two of them cannot be conjugated into a common virtually cyclic
subgroup.
(d) The proof is almost the same as [vW, Proposition 3.6]. [vW, Corollary 3.4] now is
replaced by Lemma 1.13 which is true for all groups.
(e) The proof given in [vW, Section 4] can be carried over, observing that [vW, Lemma
4.6] still holds with BVC replaced by bVCyc.

Corollary 1.16. If G has bVCyc and surjects onto a finitely generated group Q that lies
in one of the classes described in Theorem 1.15, then Q is virtually cyclic. In particular,
the abelianization H1(G,Z) is finitely generated of rank at most one.
2. Conjugacy Growth of Groups and BVC for Linear Groups
In this section, we establish a connection between BVC and conjugacy growth. As
an application, we show that a finitely generated linear group has BVC if and only if it
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is virtually cyclic. The proof is based on Breuillard–Cornulier–Lubotzky–Meiri’s results
[Bre+13] on the conjugacy growth of linear groups.
2.1. Growth of Groups and BVC. Let G be a group with a finite symmetric generating
set S . We define the word metric on G as follows
dS (g, h) = min{n | g
−1h = s1s2 · · · sn, si ∈ S }.
This can also be seen as the metric on the Cayley graph Cay(G, S ) of G with respect to S ,
where we assign edges unit length. For any g ∈ G, we define the word length of g via
|g|S = dS (e, g),
where e is the identity element of G. Now given n > 0, we denote by Bn(G, S ) the ball
of radius n with respect to the word metric. The word growth function is the function
that maps n > 0 to |Bn(G, S )|, i.e. the number of elements of distance at most n from the
identity.
Similarly, for an element g ∈ G, we define its length up to conjugacy by
|g|cS = min
{∣∣∣hgh−1
∣∣∣
S
| h ∈ G
}
.
By definition, this number only depends on the conjugacy class [g] of g.
Now given n > 0, we can consider the ball of radius n under the length up to conjugacy
in the set of conjugacy classes of G,
Bcn(G, S ) = {[g] | g ∈ G, |g|
c
S ≤ n}
The conjugacy growth function gc(n) assigns to n > 0 the number |B
c
n(G, S )|, i.e. the
number of conjugacy classes which intersect Bn(G, S ). For f , g : N → N, we write f  g
if there is some constant C ∈ N such that f (n) ≤ g(Cn) for all n ∈ N. If f  g and g  f ,
we say that f and g are equivalent and write f ∼ g. Under this equivalence relation, the
conjugacy growth function is independent of the choice of generating set. We say that a
group has linear (resp. at most linear) conjugacy growth if gc(n) ∼ n (resp. gc(n)  n), and
we say that a group has exponential conjugacy growth if gc(n) ∼ 2
n or equivalently if
lim inf
n→∞
log |Bcn(G, S )|
n
> 0.
For more information about conjugacy growth, we refer to [GS10] and [HO13]. To build
the connection between conjugacy growth and BVC, we need the notion of distortion, see
[CF06, Section 2] for more information.
Definition 2.1. [BH99, III.Γ.3.13] Let G be a finitely generated subgroup, and let S be a
symmetric finite generating set as above. The algebraic translation number of an element
h ∈ G, denoted by ||h||S , is the limit
||h||S := lim
n→∞
|hn|S
n
An element h ∈ G is undistorted if the translation number ||h||S is positive.
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Note that an element h of infinite order is undistorted in G if and only if the infinite
cyclic subgroup 〈h〉 is quasi-isometrically embedded in G.
Remark 2.2. The length ||h||S depends only on the conjugacy class of h and ||h
m|| = |m|||h||S
for every m ∈ Z [BH99, III.Γ.3.14]. The property of being undistorted is independent of
the generating set S [CF06, Remark 2.6].
Lemma 2.3. Let G be a group with a finite generating set S . Then
|h|S ≥ ||h||S
for all h ∈ G.
Proof. For any h ∈ G we have
dS (e, h
n) ≤ dS (e, h) + dS (h, h
2) + · · · + dS (h
n−1, hn).
Since dS (h
i, hi+1) = dS (e, h) for any i, it follows
|hn|S
n
=
dS (e, h
n)
n
≤ dS (e, h) = |h|S .
Letting n go to infinity, we have ||h||S ≤ |h|S . 
Lemma 2.4. Let G be a finitely generated group and V be a virtually cyclic subgroup of
G. If V contains an infinite order element that is undistorted, then the conjugacy growth of
V in G is linear, i.e. the limit
lim
n→∞
|Bcn(G, S ) ∩ V |
n
exists and is greater than 0. Therefore, if G has bVCyc and every infinite order element of
it is undistorted, then it has at most linear conjugacy growth.
Proof. Note first that a virtually cyclic group has only finitely many conjugacy classes
of finite subgroups. So to count the conjugacy growth of V in G, we only need to count
the elements of infinite order in G. Let v0 be the infinite order element in V determined by
Lemma 1.6 and let v be the element that is undistorted. Then there are nonzero integersm0
and m such that v
m0
0
= vm and
m0
m
∈ Z. In particular, we have ||v0||S = |
m
m0
|||v||S > 0. In fact,
this also says that any infinite order element in V is undistorted using Lemma 1.6.
Now by Remark 2.2 and Lemma 2.3, we have
|vn0|S ≥ ||v
n
0||S = n||v0||S .
Since the algebraic translation number is invariant under conjugation, we have |gvn
0
g−1|S ≥
n||gv0g
−1||S = n||v0||S , for any g ∈ G. Thus
n||v0||S ≤ |v
n
0|
c
S ≤ n|v0|S .
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This says that the conjugacy growth of the cyclic group generated by v0 in G is linear.
As for the whole group V , note that V satisfies the following short exact sequence by
Lemma 1.4
1 → F → V → C → 1
whereC is isomorphic to Z or the infinite dihedral group Z⋊Z/2. In the case C  Z⋊Z/2,
the image of all the infinite order elements under the quotient map π : V → C must lie in
Z ⋊ {0} ≤ Z ⋊ Z/2. Hence |π(v)|makes sense in either case. And since |π(v0)| = 1, one sees
that for any infinite order element v, we have
||v||S = |π(v)|||v0||S .
Thus given n, there are at most
|F|·n
||v0||S
many conjugacy classes of elements in Bcn(G, S ) ∩ V .
Therefore the conjugacy growth of V in G is linear. 
There is a notion of a semihyperbolic group which generalizes hyperbolic as well as
CAT(0) groups, see [BH99, Section III.Γ.4] for more details. By [BH99, III.Γ.4.19], every
element of infinite order in a semihyperbolic group is undistorted, hence we have
Corollary 2.5. Let G be a semihyperbolic group with bVCyc, then it has at most linear
conjugacy growth. In particular, if it is hyperbolic, then it is virtually cyclic.
Proof. We only need to show that a hyperbolic group has linear conjugacy growth if and
only if it is virtually cyclic. This can be found for example in [HO13, Theorem 1.1], see
also [CK02]. 
Remark 2.6. We believe that a semihyperbolic group has at most linear conjugacy growth
if and only if it is virtually cyclic. Unfortunately, we do not know how to show this.
Later in Section 2.3, we will see that if a group acts properly on a CAT(0) space via
semi-simple isometries, then any infinite order element is also undistorted.
2.2. Linear Groups and BVC. Recall that a linear group is a subgroup of the general
linear group GLd(K), where K is a field. In [GS10] it was conjectured that a non-virtually
solvable finitely generated linear group has exponential conjugacy growth, which was later
proven in [Bre+13]. In order to show Theorem I we rely on the following stronger result:
Theorem 2.7. [Bre+13, Theorem 1.2] For every d, there exists a constant c(d) > 0 such
that if K is a field and S is a finite symmetric subset of GLd(K) generating a non-virtually
solvable subgroup, then
lim inf
n→∞
1
n
logχS (n) ≥ c(d),
where χS (n) is the number of elements in K[X] appearing as characteristic polynomials of
elements of Bn(G, S ).
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In general, an element of infinite order in a linear group may be distorted, thus we
cannot apply Lemma 2.4 directly.
Definition 2.8. Let K be a field. An absolute value on K is a function
| · | : K→ R+ = {r ≥ 0 | r ∈ R}
that satisfies the following conditions:
(a) |x| = 0 if and only if x = 0.
(b) |xy| = |x||y| for all x, y ∈ K.
(c) |x + y| ≤ |x| + |y| for all x, y ∈ K.
We learned the following two lemmas from Yves de Cornulier’s answer on Mathover-
flow*
Lemma 2.9. Let G be finitely generated subgroup of GLd(K) where K is some field. Let
g ∈ G be an element such that at least one of its eigenvalues is not a root of unity. Then g
is undistorted.
Proof. First of all we can assume that K is a finitely generated field. Let λ be an eigen-
value of g which is not a root of unity. By [Tit72, Lemma 4.1], up to replacing g by its
inverse, there exists an absolute value | · | on a field extensionK′ of K such that |λ| > 1. Let
|| · || be a submultiplicative matrix norm on the vector space of n × n matrices over K′. For
example, we can take
||A|| = max
i
Σnj=1|ai j|
where A = (ai j). Then for A, B two n × n matrices over K
′ we have ||AB|| ≤ ||A|| · ||B|| and
|µ| ≤ ||A|| for any eigenvalue µ of A.
Now, let s1, . . . , sm be the elements of some finite symmetric generating set S forG and
let s = max1≤i≤m ||si||. If g can be written as a word of length l in the generators S , then
||g|| ≤ sl. Hence 1 < |λ| ≤ sl, so l ≥ logs |λ|. Since g
k has eigenvalue λk, we have
|gk|S ≥ logs |λ|
k,
thus
||g||S = lim
k→∞
|gk |S
k
≥ logs |λ|.
Therefore g is undistorted. 
Lemma 2.10. Let G be finitely generated subgroup ofGLd(K) whereK is a field of positive
characteristic. Then any element of infinite order in G is undistorted.
*see http://mathoverflow.net/questions/143305/distortion-of-cyclic-subgroups-of-linear-groups
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Proof. Let g ∈ G, by Lemma 2.9 we can assume that all eigenvalues of g are roots
of unity. But then g must have finite order. In fact, some power h of g will only have
eigenvalues equal to one, i.e. h is unipotent in GLd(K). So (h − I)
m = 0 for some m.
Choose n with pn ≥ m, where p is the characteristic of K. Then
0 = (h − I)p
n
= hp
n
− I,
thus h has finite order, so g has finite order. 
Theorem 2.11. Let G ≤ GLd(K) be a finitely generated group where K is a field. If G has
BVC or more generally just bVCyc, then G is virtually cyclic.
Proof. Since a virtually solvable group has bVCyc if and only if it is virtually cyclic by
Theorem 1.15, we can assume that G is not virtually solvable. Thus Theorem 2.7 applies
and it follows that the characteristic polynomial growth of G is exponential.
If K has characteristic zero, then by Selberg’s Lemma, G is virtually torsion-free. By
Lemma 1.9, up to replacingG by a finite index subgroup, we can assume thatG is torsion-
free. Let g1, g2, . . . , gm, g
′
1
, g′
2
, . . . , g′
k
be generators of the infinite cyclic witnesses for
bVCyc, where the gi have at least one eigenvalue which is not a root of unity and all
eigenvalues of the g′
j
are roots of unity. Note that there are only finitely many character-
istic polynomials corresponding to the elements in the cyclic subgroup generated by the
elements g′
j
. Thus these elements essentially do not contribute to the characteristic poly-
nomial growth function χΣ(n). By Lemma 2.9, the elements gi are undistorted. Thus by
the proof of Lemma 2.4 the number of characteristic polynomials with word length ≤ n in
G is linear in n, contradicting Theorem 2.7.
IfK has positive characteristic, by Lemma 2.10, it follows that any infinite order element
in G is undistorted. Then by Lemma 2.4, G has at most linear conjugacy growth, which
also contradicts Theorem 2.7. 
Since the property bVCyc passes to quotients by Lemma 1.13, we can immediately
conclude that representations of finitely generated groups having BVC are rather trivial:
Corollary 2.12. Let ϕ : G → L be a surjective homomorphism where G is a finitely gener-
ated group with BVC and L is linear. Then L is virtually cyclic.
2.3. Groups Acting on CAT(0) Spaces and BVC. In the following we provide an al-
ternative proof of Theorem I for finitely generated linear groups over a field of positive
characteristic using metric spaces of non-positive curvature.
Definition 2.13. Let G be a group acting by isometries on a metric space X. The action
is called proper if for each x ∈ X there exists a number r > 0 such that the set {g ∈ G |
B(x, r) ∩ gB(x, r)} is finite, where B(x, r) is the ball of radius r centered at x.
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Definitions 2.14. [BH99, II.6.1] Let X be a metric space and let g be an isometry of X.
The displacement function of g is the function dg : X → R+ = {r ≥ 0 | r ∈ R} defined
by dg(x) = d(gx, x). The translation length of g is the number |g| := inf{dg(x) | x ∈ X}.
The set of points where dg attains this infimum will be denoted by Min(g). More generally,
if G is a group acting by isometries on X, then Min(G) :=
⋂
g∈G Min(g). An isometry g
is called semi-simple if Min(g) is non-empty. An action of a group by isometries of X is
called semi-simple if all of its elements are semi-simple.
It is clear that the translation length is invariant under conjugation, i.e. |hgh−1| = |g| for
any g, h ∈ G. Moreover, if G acts properly on a CAT(0) space via semi-simple isometries,
we have that |gn| = |n| · |g| for any n ∈ Z, e.g. by the Flat Torus Theorem [BH99, II.7.1].
It turns out that the translation length can also be defined by the following limit for g a
semi-simple isometry
|g| = lim
n→∞
d(x, gnx)
n
,
where x is an arbitrary point of the CAT(0) space X [BH99, II.6.6]. The following example
shows that this is not true if X is not CAT(0).
Example 2.15. Take S 1 to be the standard circle of radius 1. Let the cyclic group 〈t | tn =
1〉 act on S 1 via rotation by the angle 2π
n
for n ≥ 2. The action is semi-simple and |t| = 2π
n
.
But limn→∞
1
n
d(x, tnx) = 0 for any x ∈ S 1.
Proposition 2.16. Let G ≤ GLd(K) be a finitely generated subgroup where K is a field of
positive characteristic. Suppose that there is a bound on the orders of finite subgroups in
G. Then G acts on a CAT(0) space properly via semi-simple isometries.
Proof. This is essentially due to Degrijse and Petrosyan [DP15, Section 5.4]. Note that
they obtained an action of G on a CAT(0) space X, where X is a product of Euclidean
buildings. Moreover, X is separable and G acts discretely on X with countable locally
finite stabilizers via semi-simple isometries [BH99, II.6.6 (2)]. By our assumption on the
orders of finite subgroups onG, it follows that all point stabilizers are finite. Hence (by for
example [DP15, 2.2(2)]) the action is proper. 
Lemma 2.17. [BH99, I.8.18] Let (X, d) be a metric space. Let G be a group with a finite
generating set S and associated word metric dS . If G acts by isometries on X, then for any
choice of basepoint x0 ∈ X there exists a constant C > 0 such that
dX(gx0, hx0) ≤ CdS (g, h)
for all g, h ∈ G.
Lemma 2.18. Let G be a finitely generated group acting on a CAT(0) space X properly
via semi-simple isometries. Then every infinite order element in G is undistorted.
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Proof. Let S be a finite symmetric generating set forG and let g ∈ G be an element of in-
finite order. Since the action is proper, the translation length |g| is positive. By Lemma 2.17,
for any fixed point x0 in X, there exists C > 0 such that
|gn|S = dS (g
n, 1) ≥ CdX(g
nx0, x0) ≥ C|g
n| = nC|g|
This implies that g is undistorted. 
Now applying Lemma 2.4, we have
Corollary 2.19. Let G be a finitely generated group acting on a CAT(0) space X properly
via semi-simple isometries. Then if G has bVCyc, the conjugacy growth function of G is
at most linear.
This also leads to a different proof for Theorem 2.11 in the positive characteristic case
under the slightly stronger assumption of having BVC instead of bVCyc.
Theorem 2.20. Let G ≤ GLd(K) be a finitely generated subgroup where K is a field of
positive characteristic. Then G has BVC if and only if it is virtually cyclic.
Proof. By Theorem 1.15, we can assume thatG is not virtually solvable. By Lemma 1.7,
if G has BVC, then it has only finitely many conjugacy classes of finite subgroups. Hence
by Proposition 2.16, G acts properly on a CAT(0) space via semi-simple isometries. Thus,
G has linear conjugacy growth, which contradicts Theorem 2.7. 
3. The Classifying Space for the Family of Cyclic Subgroups
In this section, we study the classifying space for the family of cyclic subgroups, de-
noted by ECyc(G) for a group G. The results on its finiteness properties are largely analo-
gous to those obtained for the classifying space for the family of virtually cyclic subgroups.
We will first study for which groups G the G-CW-complex ECyc(G) can be of finite type.
As it turns out most proofs given in the literature can be generalized slightly such that their
conclusions apply to both ECyc(G) as well as EG. Second, we will deal with questions
concerning the finite-dimensionality of ECyc(G) and relate it to previously known results
on the finite-dimensionality of EG.
Proposition 3.1. If a group G has a model for ECycG of finite type, then it has a model for
EG of finite type. In particular, G is finitely presented.
Proof. Note that there are models of finite type for EC where C is a cyclic group.
Then the claim follows from the transitivity principle [LW12, Proposition 5.1]. 
Similar to [vW, Lemma 1.3], one obtains the following using the construction in [Lu¨c89,
Proposition 2.3]
Lemma 3.2. A group G admits a finite 0-skeleton for ECycG if and only if G has bCyc.
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Example 3.3. Let D∞ = Z ⋊ Z/2 = 〈t, s | s
2 = 1, sts = t−1〉 be the infinite dihedral group.
Then 〈t〉, 〈s〉 and 〈ts〉 are witnesses to bCyc for D∞ since tst
−1 = t1−2ns. A straightforward
calculation also shows that there cannot be fewer witnesses.
In [GW13] Lemma 2.2 played an important role for the proof of Conjecture A for solv-
able groups. The statements of Lemma 2.2 hold with BVC replaced by bCyc. For the
convenience of the reader, we present part (a) of this lemma in a more general context.
Lemma 3.4. Let G be a group satisfying bF where F is a family of Noetherian subgroups,
i.e. any subgroup of an element H ∈ F is finitely generated. Then G satisfies the ascending
chain condition on normal subgroups.
Proof. The group G can be written as G =
⋃n
i=1
⋃
g∈G H
g
i
where {Hi | 1 ≤ i ≤ n}
is a witness to bF . But then any normal subgroup N of G can be likewise expressed as
N =
⋃n
i=1
⋃
g∈G(N ∩ Hi)
g.
Let (N j) be an ascending chain of normal subgroups ofG. For any i, the chain (N j∩Hi) j
has to stabilize since Hi was Noetherian, i.e. there exists ji such that N j ∩ Hi = N j+1 ∩ Hi
for all j ≥ ji. Then the original chain stabilizes at jmax = max1≤i≤n ji. 
Remark 3.5. Observe that bCyc fails to pass to finite index overgroups, a counterexample
can be given by Z ≤ Z × Z/2.
Note that there is no assumption about absence of torsion in the following (cf. Lemma 1.8)
Observation 3.6. If G has bCyc, thenG has only finitely many primitive conjugacy classes.
Lemma 3.7. Let F be a finite group and suppose that V = F ⋊ϕ Z is a group with bCyc.
Then F = 1.
Proof. Let d be the order of ϕ. Then F × dZ is a subgroup of index d in F ⋊ϕ Z.
Hence by Lemma 1.14, we can assume V = F × Z.
Now assume that F is nontrivial. Let c be an element of maximal order in F and let p
be a prime that divides its order. Then for any n ≥ 1, gn = (c, p
n) ∈ F × Z is primitive in
F × Z. If fact, if (x, k)m = (xm,mk) = (c, pn), for some m > 1, then p divides m. On the
other hand since xm = c, c lies in the subgroup generated by x. But since c has maximal
order, we have x and c generate the same cyclic subgroup in F. But since p divides the
order of c and m, this cannot happen. When n , m, gn is not conjugate to gm since the
second coordinate differs. Thus by Observation 3.6, the claim follows. 
Proposition 3.8. A virtually cyclic group V has bCyc if and only if V is finite, infinite cyclic
or infinite dihedral.
Proof. By Lemma 3.7 and Lemma 1.4, the only case left to consider is if V is nonori-
entable, i.e. there is an exact sequence
1 → F → V → D∞ → 1
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with F finite. But then V has a finite index subgroup isomorphic to F ⋊ Z, hence F = 1
and the claim follows from Example 3.3. 
Lemma 3.9. There exists a model of finite type for ECycD∞ and any model for ECycD∞ has
to be infinite-dimensional.
Proof. Let D∞ = Z ⋊ Z/2 = 〈s, t | s
2 = 1, sts = t−1〉. We claim that the join
E = Z ∗ EZ/2, given an appropriate action, is a model for ECycD∞. We write [x, y, q] for
an element in E, where x ∈ Z, y ∈ EZ/2 and q ∈ [0, 1]. Note that [x, y, 0] = [x, y′, 0] and
[x, y, 1] = [x′, y, 1] for all x, x′ ∈ Z and y, y′ ∈ EZ/2. We then define the action as follows:
t · [x, y, q] = [x + 2, y, q]
s · [x, y, q] = [−x, s · y, q]
Then one observes that the stabilizer of [x, y, q] with 0 < q < 1 is trivial. The stabilizer of
[x, y, 0] is equal to 〈txs〉 and the stabilizer of [x, y, 1] equals 〈t〉. One furthermore checks
that for n , 0
E〈t
n〉 = EZ/2 ≃ ∗
and for n arbitrary
E〈t
n s〉 = Z〈t
n s〉 = {n}.
Since E itself is contractible as well, it follows that E is a model for ECyc(G) of finite type.
The claim about the infinite-dimensionality of any model for ECyc(G) follows from
Lemma 3.12 below by noting that 〈t〉 is a normal maximal cyclic subgroup of D∞. Al-
ternatively observe that E/D∞ is homotopy equivalent to the suspension of RP
∞. 
Corollary 3.10. Let G be a virtually cyclic group, then it has a model for ECyc(G) of finite
type if and only if it is finite, infinite cyclic or infinite dihedral.
Proof. By Proposition 3.8, we only need to prove that there is a model of finite type
for ECyc(G) if G is finite, infinite cyclic or infinite dihedral. If G is a finite group, then
the standard bar-construction provides such a model. If G is infinite cyclic, we can take
ECyc(G) to be a point. In case G is infinite dihedral Lemma 3.9 provides a model of finite
type. 
Proof of Theorem II: By Theorem 1.15 and Corollary 3.10 and the fact that both bCyc
and bVCyc implies BVC, we only need to show if an elementary amenable group has a
finite type model for ECyc(G), then it is virtually cyclic. Since Kropholler’s class of groups
LHF contains the class of elementary amenable groups, [Kro93, Theorem B] implies that
an elementary amenable group of type FP∞ has a bound on the orders of its finite sub-
groups and finite Hirsch length. Hence by Proposition 3.1, G cannot have a model of
finite type for ECyc(G) if it has infinite Hirsch length. When G has finite Hirsch length, by
[HL92], it is locally finite by virtually solvable, i.e. it has a virtually solvable quotient with
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locally finite kernel. Thus by Kropholler’s result, G is finite by virtually solvable. Now
by Lemma 1.13 and Theorem 1.15 (a), G is finite by virtually cyclic. Hence G is virtually
cyclic. 
Even though EG is conjecturally never of finite type except in trivial cases, finite-
dimensional models for EG abound for reasonable classes of groups. For example, finite-
dimensional models for EG have been constructed for hyperbolic groups [JL06], CAT(0)
groups [Lu¨c09], elementary amenable groups of finite Hirsch length [FN13; DP13] and
also certain linear groups [DKP15] such as discrete subgroups of GLd(R). The question
arises in which cases we can expect a finite-dimensional model for ECyc(G). We will first
settle the question in the case thatG is virtually cyclic and then draw a couple of immediate
conclusions in the general case. Let us first record the following simple observation.
Observation 3.11. Let H be a subgroup of a group G and let X be a model for ECyc(G),
then resG
H
X is a model for ECyc(H).
Recall that the classifying space EF of a non-trivial finite group F cannot be finite-
dimensional [Bro82, VIII.2.5].
Lemma 3.12. Suppose H ≤ G is a maximal cyclic subgroup and assume that [NG(H) : H]
is finite but not equal to one, where NG(H) is the normalizer of H in G. Then any model
for ECyc(G) has to be infinite-dimensional.
Proof. Let X be a model for ECyc(G). Since H is cyclic, the CW-complex X
H is
contractible. Observe that all isotropy groups of XH are equal to H since H was maximal
cyclic. This implies that the Weyl group NG(H)/H of H acts freely on X
H . Since NG(H)/H
is non-trivial finite, XH has to be infinite-dimensional. 
Proposition 3.13. Let G be a finite group with a finite-dimensional model for ECyc(G).
Then G is already cyclic.
Proof. By Observation 3.11 we only need to consider minimal non-cyclic groups,
i.e. finite groups such that every proper subgroup is cyclic. Thus by [MM03] G is solv-
able. Moreover, since the proper subgroup [G,G] has to be cyclic, G has derived length at
most 2. Let H be a maximal cyclic subgroup containing [G,G], then NG(H) = G. Then by
Lemma 3.12, H = G and henceG is cyclic. 
Proposition 3.14. Let V be virtually cyclic. Then ECycV is finite-dimensional if and only
if V is cyclic.
Proof. By Proposition 3.13 we only need to prove the claim if V is infinite. Suppose
V is orientable, i.e. V  F ⋊ϕ Z for some finite group F and some ϕ ∈ Aut(F) and assume
that ECycV is finite-dimensional. If n denotes the order of ϕ then F × Z  F ⋊ϕ nZ and by
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Observation 3.11 also F × Z has a finite-dimensional classifying space. But Z ≤ F × Z is
a normal maximal cyclic subgroup, thus F = 1 by Lemma 3.12.
Now, suppose V was non-orientable having a finite-dimensional model for ECycV . Let
F be the maximal normal finite subgroup of V , then F ⋊ Z is a subgroup of V . By the
above, it follows that F = 1, so V is infinite dihedral. But this is impossible by Lemma 3.9.

Corollary 3.15. A virtually cyclic group V has a finite or finite-dimensional model for
ECycV if and only if V is cyclic.
From Proposition 3.14 we immediately obtain the following
Observation 3.16. If G is a group having a finite-dimensional model for ECyc(G), then
there is a finite-dimensional model for EG. Conversely, suppose that G is a group having
a finite-dimensional model for EG. Then G admits a finite-dimensional model for ECyc(G)
if and only if Cyc(G) = VCyc(G).
Obviously the condition Cyc(G) = VCyc(G) holds whenever the group G is torsion-
free. However, this is not necessary, even for virtually free groups. For example, groups of
the form G = ∗n
i=1
Z/niZ where ni ≥ 0 admit a finite-dimensional model for ECyc(G) if and
only if ni , 2 for all i or G  Z/2 by the Kurosh subgroup theorem.
Lemma 3.17. Let A be an abelian group with ECyc(A) finite-dimensional. Then A is cyclic,
torsion-free or locally finite cyclic.
Proof. By Proposition 3.13 we can assume in the following that A is infinite. If A is
finitely generated, we can write A  Zn×F with F finite abelian and n ≥ 1. In particular, A
contains Z×F, so F = 1, i.e. A is torsion-free. More generally, if A contains an element of
infinite order x, then any finite set {y1, . . . , yn} ⊂ A together with the element xwill generate
an infinite abelian subgroup, which must be torsion-free by the previous observation. The
only case that remains is A being an infinite torsion group. But since any finite subgroup
has to be cyclic, it follows that A is locally finite cyclic. 
For example, the Pru¨fer p-group P is a countable locally cyclic infinite abelian p-group.
By [LW12, Theorem 4.3] it follows that the minimal dimension of a model for ECyc(P)
equals one.
Lemma 3.18. Let G be elementary amenable and suppose that there is a finite-dimensional
model for ECyc(G). Then G is virtually solvable.
Proof. Since ECyc(G) has a finite-dimensional model, so does EFCyc(G) by [LW12,
Proposition 5.1], where FCyc denotes the family of finite cyclic subgroups. It follows that
the Hirsch length h(G) of G is finite, since h(G) ≤ cdQ(G) ≤ gdFCyc(G) < ∞. The first
inequality follows from [Hil91, Lemma 2]. For the second inequality note that Q[G/F] is
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a projectiveQG-module for F finite [Bro82, I.8 Ex. 4] and thus the cellular chain complex
of EFCyc(G) yields a projective resolution of Q over QG. Moreover, note that any locally
finite subgroup H of G has to be locally cyclic, in particular H is abelian. Combined with
the structure theorem of elementary amenable groups of finite Hirsch length [HL92], it
follows that G is virtually solvable. 
Lemma 3.19. A hyperbolic group G has a finite-dimensional classifying space ECyc(G) if
and only if it does not contain the infinite dihedral group as a subgroup and the normalizers
of all non-trivial finite subgroups are finite cyclic. Moreover, if a subgroup K is maximal
finite, then NG(K) = K.
Proof. Note that a hyperbolic groupG has a finite-dimensional model for EG [JL06,
Remark 7 + Proposition 8]. Hence by Observation 3.16, G has a finite-dimensional classi-
fying space ECyc(G) if and only ifVCyc(G) = Cyc(G).
Suppose first that ECyc(G) is finite-dimensional, which is equivalent to saying that
VCyc(G) = Cyc(G). In particular, the infinite dihedral group does not appear as a sub-
group. Now let K be a non-trivial finite subgroup of G. If NG(K) was infinite, it would
contain an element g ∈ NG(K) of infinite order. But then 〈g,K〉 ≤ NG(K) would be an infi-
nite virtually cyclic group that is not cyclic. Thus NG(K) is finite and thus also cyclic. The
claim about maximal finite subgroups being self-normalizing follows from Lemma 3.12.
For the converse, let V ≤ G be a non-trivial virtually cyclic subgroup. If V is finite, it is
cyclic, being the subgroup of its finite cyclic normalizer. Now suppose that V is infinite and
let K denote its unique maximal normal finite subgroup. Since K is normal in V , NG(K) is
infinite. It follows that K must be trivial. Since V cannot be the infinite dihedral group, it
follows that V is infinite cyclic. 
Note that in the proof we have only used hyperbolicity of G to conclude that it has a
finite-dimensional model for EG and any infinite subgroup of it contains an element of
infinite order.
Proposition 3.20. Let G be a finitely generated linear group over a field of characteristic
zero. If G has a finite-dimensional model for ECyc(G), then the virtual cohomological
dimension of G is finite. More precisely,
vcd(G) ≤ gdCyc(G) + 1.
Proof. Let n = gdCyc(G) be the minimal dimension of a model for ECyc(G). Moreover
let H ≤ G be a torsion-free subgroup of finite index and note that ECyc(G) is also a model
for ECyc(H) via restriction. By [LW12, Proposition 5.1] there exists a model for EH of
dimension n + 1, since EZ has a one-dimensional model. 
Linear groups of finite virtual cohomological dimension have been characterized by
Aplerin and Shalen in terms of the Hirsch lengths of their finitely generated unipotent
subgroups [AS82].
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4. Groups withWild Inner Automorphisms and BVC
As noted in the introduction, essentially all proofs of Conjecture A rely on understand-
ing the BVC property for manageable classes of groups. In this section we want to con-
struct groups outside of these realms that exhibit wild behaviour with respect to the BVC
property. For constructing finitely generated examples we will make use of small cancel-
lation theory over relatively hyperbolic groups as developed in [Osi10] and [HO13]. In the
following we content ourselves with setting up some notation that is being used later on
without repeating the definition of relatively hyperbolic groups [Osi06]. Note that in this
section we will use the convention that gw = w−1gw.
If G is a group that is hyperbolic relative to a family {Hλ}λ∈Λ of subgroups, we call
an element g ∈ G parabolic, if it is conjugate to an element lying in one of the parabolic
subgroups Hλ. Non-parabolic elements of infinite order are called loxodromic. For g ∈ G
a loxodromic element, there exists a unique maximal virtually cyclic subgroup EG(g) that
contains g. It is given by
EG(g) = {h ∈ G | ∃ m ∈ N \ {0} such that h
−1gmh = g±m}.
Recall that two elements a, b ∈ G are called commensurable if there exists k, l ∈ Z \ {0}
such that ak is conjugate to bl. A subgroup S of G is called suitable if there exist two
loxodromic elements s1, s2 ∈ S that are not commensurable such that EG(s1)∩EG(s2) = 1.
Given a group H and an isomorphism θ : A → B between two subgroups A and B of H,
we can define a new group H∗θ = H∗At=B, called the HNN extension of H along θ, by the
presentation 〈H, t | t−1xt = θ(x), x ∈ A〉. The letter t is called stable letter.
A sequence g0, t
ǫ1 , g1, . . . , t
ǫn , gn of elements with gi ∈ H and ǫi ∈ {−1,+1} is said to
be reduced if there is no pinch, where we define a pinch to be a consecutive sequence
t, gi, t
−1 with gi ∈ B or t
−1, g j, t with g j ∈ A. Britton’s Lemma states that if the sequence
g0, t
ǫ1 , g1, . . . , t
ǫn , gn is reduced and n ≥ 1, then g0t
ǫ1g1 · · · t
ǫngn , 1 in H∗θ. The number of
occurrences of t or t−1 in a reduced expression for an element g ∈ H∗θ is called its t-length,
it is independent of the choice of reduced word.
We will make use of the following two lemmas repeatedly. For the convenience of the
reader, we recall their statements:
Lemma 4.1 ([Osi06, Theorem 1.4]). Let G be a group hyperbolic relative to a collection
of subgroups {Hλ}λ∈Λ. Then for every λ ∈ Λ and g ∈ G \ Hλ the intersection Hλ ∩ H
g
λ
is
finite.
In particular, if G is torsion-free and f , g ∈ Hλ are not conjugate in Hλ, then they are
not conjugate in G.
Lemma 4.2 ([HO13, Lemma 2.14]). Let G be a group and A, B two isomorphic subgroups.
Let f ∈ G be an element that is not conjugate to any element of A ∪ B. Then in the HNN
extension G∗At=B
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(a) f is conjugate to some g ∈ G in G∗At=B if and only if f and g are conjugate in G.
(b) If f is primitive in G, then it is primitive as an element of G∗At=B.
Lemma 4.3. Let G be hyperbolic relative to a subgroup H and suppose that G is torsion-
free. Let h ∈ H be primitive as an element of H. Then h is primitive in G.
Proof. First note that non-trivial powers of loxodromic elements are loxodromic
again. In fact, let g be loxodromic and suppose that gn is parabolic for some n , 0, i.e.
gn = αyα−1, where y ∈ H and α ∈ G. Then it would follow that 0 = τrel(y) = τrel(gn) =
|n|τrel(g) > 0 by [Osi06, Lemma 4.24, Theorem 4.25], where τrel(g) denotes the relative
translation number of g.
So if h = gn for some g ∈ G and n ≥ 1, then g has to be parabolic, i.e. g = αxα−1 for
some x ∈ H and α ∈ G. By Lemma 4.1 it follows that α ∈ H, thus n = 1, since h was
primitive in H. 
Lemma 4.4. Let G be a group and let a, b ∈ G be two primitive elements. Then any
primitive element g ∈ G, considered as an element of the HNN extension G∗at=b is still
primitive.
Proof. Let g ∈ G be a primitive element. If g is neither conjugate to an element of 〈a〉
nor 〈b〉, then Lemma 4.2 implies that g is primitive as an element of the HNN extension.
So we can assume without loss of generality that g = a. Let a = ωn with n ≥ 1, where
ω is of t-length 2, so ω = g0t
ǫg1t
−ǫg2 for g0, g1, g2 ∈ G and ǫ ∈ {±1}. For the equality
a = ωn to hold, the expression t−ǫg0g2t
ǫ must be a pinch, so say g2g0 = b
m for some m.
Then t−ǫg2g0t
ǫ = am. Expanding the power of ω, we obtain
ωn = g0t
ǫg1(a
mg1)
n−1t−ǫg2
This implies that g1(a
mg1)
n−1 ∈ 〈a〉, say g1(a
mg1)
n−1 = ak. Thus
a = ωn = g0b
kg2 = g0b
kg2g0g
−1
0 = g0b
k+mg−10
But since a is primitive inG, it follows that k+m ∈ {±1}. The equation g1(a
mg1)
n−1 = ak is
equivalent to (amg1)
n = amak = am+k, which implies that n = 1, again since a is primitive.
The induction step works as in the proof of [HO13, Lemma 2.14]. 
Lemma 4.5. Let G be a group and let a, b ∈ G be arbitrary non-trivial elements. Then
any primitive element g ∈ G, considered as an element of the HNN extension G∗(an)t=bm is
primitive as long as |n|, |m| ≥ 2.
Proof. Let g ∈ G be a primitive element. Then g is neither conjugate to an element
of 〈an〉 nor 〈bm〉. Thus the claim follows from Lemma 4.2. 
The next proposition shows that the converse of Lemma 1.9 does not hold.
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Proposition 4.6. There exists a finitely generated torsion-free group G with a finite index
subgroup H such that H has bCyc, but G does not.
Proof. The proofs of Lemma 7.1 and Theorem 7.2 in [HO13] apply. By Lemma 4.2
it follows that the elements a f with f ∈ F in the statement of Lemma 7.1 are primitive in
C. In the last part of the proof of Theorem 7.2, one only needs to observe that the elements
a f with f ∈ F are primitive in G(i) by Lemma 4.3 since they lie in the parabolic subgroup
C. Since a f1 and a f2 lie in different conjugacy classes for any f1 , f2 in F (this was stated
at the end of the proof of [HO13, Theorem 7.2]),G does not have bCyc by Lemma 1.8. 
Lemma 4.7. Let H be a torsion-free countable group. There exists a 2-generated torsion-
free group G that contains H as a subgroup such that
(a) Any g ∈ G is conjugate to an element of H.
(b) If h ∈ H is primitive, then it is primitive as an element of G.
(c) If h, h′ ∈ H are not conjugate, then they are not conjugate in G.
Proof. Let
G(0) = H ∗ F(x, y)
and enumerate elements of H = {1 = h0, h1, h2, . . .} as well as G(0) = {1 = g0, g1, g2, . . .}.
Suppose the group G(i) has been constructed such that G(i) is hyperbolic relative to H,
〈x, y〉 is a suitable subgroup and h1, . . . , hi lie in 〈x, y〉 and g j for 1 ≤ j ≤ i is conjugate to
an element of H. Construct G(i + 1) out of G(i) as follows: If gi+1 is parabolic, then let
G′(i) = G(i), otherwise let ι : EG(i)(gi+1) → 〈h1〉 be an isomorphism and form
G′(i) = 〈Gi, t | e
t = ι(e) for e ∈ E(G(i)(gi+1)〉
By [HO13, Corollary 2.16], G′(i) is still hyperbolic relative to H and 〈x, y〉 is again
suitable. Now apply [HO13, Theorem 6.2] to the suitable subgroup 〈x, y〉, words {hi+1, t}
resp. {hi+1} to obtain G(i + 1). Observe that there is a canonical quotient map G(i) →
G(i+1). Here we do not distinguish H and its image inG′(i) orG(i+1). Note thatG(i+1)
is also hyperbolic relative to H, 〈x, y〉 is again suitable.
LettingG be the direct limit of the G(i), it follows thatG will be two-generated and any
element of G will be conjugate to an element of H. Moreover, if h ∈ H is primitive, then
it will remain primitive in G(i) by Lemma 4.3 for any i, thus it will be primitive in G. By
Lemma 4.1 non-conjugate elements in H remain non-conjugate in G. 
Proposition 4.8. There exists a finitely generated torsion-free group G which has exactly
three conjugacy classes {(1), (x), (x2)}, where x ∈ G is a primitive element.
Proof. We first construct a countable group as follows. We let G0 = 〈x〉  Z.
Of course, the only primitive elements in G0 are x and x
−1. Suppose we have already con-
structed a chainG0 ≤ G1 ≤ . . . ≤ Gn of countable torsion-free groups such that the element
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x, viewed as an element ofGn, is primitive. To constructGn+1 out ofGn, we first enumerate
all primitive elements of Gn by {p1, p2, . . .} and enumerate all non-trivial elements that are
non-primitive by {g1, g2, . . .}. Secondly, we form the multiple HNN extension
Gn+1 = 〈Gn, {si}i∈N, {ti}i∈N | p
si
i
= x, g
ti
i
= x2〉.
By an inductive application of Lemma 4.4 and Lemma 4.5 it follows that x remains prim-
itive in Gn+1. Finally, we let G =
⋃
n≥0Gn. By construction, G satisfies our desired prop-
erties. Note that since x is primitive, x and x2 are non-conjugate. To obtain a finitely
generated example we can apply Lemma 4.7. 
Remark 4.9. If we let G be a group as constructed in Proposition 4.8 and x ∈ G a primitive
element, then G × Z does not have bCyc, since it has infinitely many primitive conjugacy
classes {(x, n) | n ∈ Z}. On the other hand, G×Z has bCyc if G is a torsion-free group with
exactly two conjugacy classes.
As we have noted, ifG is a torsion-free group with exactly two conjugacy classesG×Z
has bCyc. However, the situation changes if we allow for a semidirect product:
Proposition 4.10. There exists a countable torsion-free group H with exactly two conju-
gacy classes such that a certain extension H ⋊ Z does not have bCyc.
Proof. Let G0 = 〈a, b〉 be a free group of rank 2, let ε0 : G0 → Z be defined by
mapping a to 0 and b to 1. Note that for any m ∈ Z, the element abm is primitive and
ε0(ab
m) = m.
Suppose Gn and εn : Gn → Z have been constructed. To obtain Gn+1, enumerate all
non-trivial elements of ker εn by {g1, g2, . . .} and form the multiple HNN extension
Gn+1 = 〈Gn, {ti}i∈N | g
ti
i
= a〉.
We can extend εn to Gn+1 to define εn+1 : Gn+1 → Z by arbitrarily assigning a value to the
stable letters ti. Now note that form , 0, ab
m ∈ G0 ≤ Gn is neither conjugate to an element
of 〈gi〉, nor to an element of 〈a〉. Thus, by Lemma 4.2, the elements ab
m are primitive in
Gn+1 for m , 0.
Let G be the direct limit of the Gn, and let ε : G → Z be induced by the epimorphisms
εn. Any non-trivial element of ker(ε) is then conjugate to a. However, since for m , 0, the
elements abm are primitive and obviously in different conjugacy classes as ε(abm) = m, it
follows that G does not have bCyc. 
Proposition 4.11. For any m ≥ 1, there exists a finitely generated torsion-free group G
that has exactly n + 1 conjugacy classes (1), (x1), . . . , (xm) such that x
k
i
is conjugate to xi
for any i and any k , 0.
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Proof. Note that any torsion-free group with exactly two conjugacy classes will have
the property that xk is conjugate to x as long as x is non-trivial. So we will demonstrate the
claim for m = 2, the general case follows from an analogous argument. Let G−1 = 〈a, b〉
be a free group of rank two, and define
G0 = 〈G−1, {si}i∈Z\{0}, {ti}i∈Z\{0} | (a
i)si = a, (bi)ti = b〉.
Now observe that the elements a and b are not conjugate in G0 by repeated application of
Lemma 4.2. If we form an HNN extension with relation (ai)si = a we apply Lemma 4.2 to
the element b. For relations of the type (bi)ti = b we apply the same lemma to the element
a.
We proceed constructing countable torsion-free groupsGn for n ≥ 1 inductively. First,
observe that we can writeGn \ {1} = S 0 ⊔ S a⊔ S b, where S a resp. S b are those elements of
Gn which have a non-trivial power that is conjugate to a resp. b, and S 0 being defined as
the complement of S a ∪ S b. Note that S a ∩ S b = ∅: If g ∈ S a ∩ S b, then g
k ∼ a and gl ∼ b
for some k, l , 0. But then gkl ∼ al ∼ a, and at the same time gkl ∼ bk ∼ b. But this is
impossible since a and b are not conjugate in Gn by induction. Our construction proceeds
in two steps:
Step 1. Enumerate all element of S a ∪ S b = {g1, g2, . . .}. We form the multiple HNN
extension
Q = 〈Gn, {ti}i∈N | g
ti
i
= b if gi ∈ S b , otherwise g
ti
i
= a〉.
In other words Q is the direct limit of a sequence of HNN extensions Q0 ≤ Q1 ≤ Q2 ≤ . . .
where Q0 = Gn and
Qi = 〈Qi−1, ti | g
ti
i
= b if gi ∈ S b , otherwise g
ti
i
= a〉.
Now we prove by induction that a and b are not conjugate in Qi for any i. Suppose the
claim is true for Qi−1. If gi ∈ S a then apply Lemma 4.2 to the element b. Note that b is not
conjugate to a power of a in Qi−1 by induction. Moreover b is not conjugate to g
n
i
for any
n , 0 in Qi−1. Otherwise, it would follow that b ∼ b
k ∼ gnk
i
∼ an ∼ a in Qi−1 since there
is some k , 0 such that gk
i
∼ a. Interchanging the roles of a and b, we see that the same
conclusion holds if gi ∈ S b. Hence it follows that a and b are non-conjugate in Q.
Step 2. Enumerate all elements of S 0 = {h1, h2, . . .}. Again we construct a sequence of
HNN extensions P0 ≤ P1 ≤ . . ., starting with P0 = Q. Suppose Pi−1 has been constructed
and a, b are non-conjugate in Pi−1. To form Pi, we consider the following cases:
(a) If a non-trivial power of hi is conjugate to a in Pi−1, we form the HNN extension
Pi = 〈Pi−1, si | h
si
i
= a〉.
We can again employ Lemma 4.2 to the element b to prove that a and b are non-
conjugate in Pi using the same argument as in step 1.
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(b) If a non-trivial power of hi is conjugate to b in Pi−1, we let
Pi = 〈Pi−1, si | h
si
i
= b〉.
Again, interchanging the roles of a and b one sees that these two elements remain
non-conjugate in Pi.
(c) In the remaining case we can choose
Pi = 〈Pi−1, si | h
si
i
= a〉.
and observe that Lemma 4.2 can be applied.
We let Gn+1 =
⋃
i≥0 Pi. Note that a and b are non-conjugate in Gn+1 and all elements of
Gn \ {1} are either conjugate to a or b in Gn+1.
Finally, we defineG =
⋃
n≥0Gn. Again, Lemma 4.7 yields a finitely generated example.

We see in particular that for a group G as constructed in the previous proposition, the
groupG × Z has bCyc.
Example 4.12. Letting G be an infinite 2-generated group of exponent p with exactly p
conjugacy classes (for example, as constructed in [Ols91, Theorem 41.2]), then the group
G × Z does not have bCyc. This can be seen by considering the elements (x, pn) for n ∈ N
where x ∈ G is non-trivial.
It is easy to see that a torsion-free group with infinitely many commensurability classes
cannot have bCyc. The following shows that a converse to Lemma 1.8 does not hold:
Proposition 4.13. There exists a finitely generated torsion-free group G without primitive
elements that does not have bCyc.
Proof. We first prove that there exists a torsion-free countable group without prim-
itive elements and infinitely many commensurability classes. We start by an inductive
procedure, letting G0 = F2 be the non-abelian free group on two generators. In fact, any
countable torsion-free group with infinitely many commensurability classes of elements
would work as well. Suppose Gn has been constructed, enumerate all non-trivial elements
Gn \ {1} = {g1, g2, . . .} and defineGn+1 as the following multiple HNN extension:
Gn+1 = 〈Gn, {ti}i∈N | g
ti
i
= g2i 〉
Suppose x, y ∈ Gn \ {1} are not commensurable. For any i ∈ N and for any k, l ∈ Z \ {0} it
follows that xk is not conjugate to an element of 〈gi〉 or y
l is not conjugate to an element of
〈gi〉. By Lemma 4.2 it follows that x and y are not commensurable in Gn+1. Letting G be
the direct limit of the Gn, we have that there are infinitely many commensurability classes
in G and any non-trivial element of G can be written as a proper power of a conjugate of
itself. To obtain a finitely generated example, apply Lemma 4.7. 
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Lemma 4.14. There exists a finitely generated torsion-free group G without bCyc and
exactly two commensurability classes.
Proof. LetG0 = 〈a, b〉 be a free group of rank two. SupposeGn has been constructed,
then enumerate all elements {g1, g2, . . .} of Gn \ {1} that are not primitive. We form the
multiple HNN extension
Gn+1 = 〈Gn, {ti}i∈N | g
ti
i
= b2〉
By Lemma 4.5 any primitive element of Gn stays primitive in Gn+1. Similarly, also non-
conjugate primitive elements g, h ∈ Gn will stay non-conjugate in Gn+1 by Lemma 4.2. If
we let G be the direct limit of the Gn, then G contains infinitely many primitive conjugacy
classes, thus G fails to have bCyc. However, given any non-trivial element g ∈ G, by con-
struction g2 will be conjugate to b2. Thus there are precisely two commensurability classes.
Finally, to obtain a finitely generated group with the same properties, apply Lemma 4.7. 
Lemma 4.15. Let G be a group such that centralizers of all non-trivial elements are infinite
cyclic. Let a, b ∈ G and suppose that an = bm for some m, n , 0. If a is primitive, then
b ∈ 〈a〉.
Proof. Note that CG(a
n) = 〈x〉 for some x ∈ G and a ∈ CG(a
n) and b ∈ CG(a
n), thus
a = xk for some k and b = xl for some l. Since a is primitive it follows that k = ±1. Hence
b ∈ 〈a〉. 
In a hyperbolic group the centralizers of infinite order elements are virtually cyclic
[BH99, III.Γ.3.10]. In particular ifG is torsion-free hyperbolic and g is a primitive element,
then CG(〈g〉) = NG(〈g〉) = 〈g〉.
Lemma 4.16. Let G be a torsion-free hyperbolic group and let a, b be two primitive ele-
ments such that a is not conjugate to b. Then the HNN extension G∗at=bk is hyperbolic for
any nonzero interger k.
Proof. By [KM98, Corollary 1], we only need to show that the HNN extension
G∗at=bk is separated. Recall that a subgroup U of G is called conjugate separated if the set
{u ∈ U | ux ∈ U} is finite for all x ∈ G \U. And an HNN extensionG∗θ for an isomorphism
θ : U → V is called separated if either U or V is conjugate separated, and the set U ∩ Vg is
finite for all g ∈ G. Now 〈a〉 is conjugate separated since CG(〈a〉) = NG(〈a〉) = 〈a〉. And if
〈a〉 ∩ 〈g−1bkg〉 was non-empty, then an = (g−1bg)km for some m, n , 0. By Lemma 4.15 it
follows that b is conjugate to a which contradicts our assumptions. 
Proposition 4.17. There exists a countable torsion-free group G and an epimorphism
ε : G → Z such that G has bCyc but ker(ε) does not.
Proof. Let G0 = 〈a, c, d〉, and ε0 : G0 → Z be defined by mapping a to 1 and the
other free generators to 0. Moreover, choose a bijection φ0 : N0 → G0 \ {1}.
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For each n > 0 we construct a countable torsion-free groupGn, an epimorphism εn : Gn →
Z and choose a bijection φn : N0 → Gn \ {1} such that
(a) Gn is either an HNN extension of Gn−1 through the stable letter tn or equals Gn−1.
Moreover,Gn is a hyperbolic group.
(b) εn|Gn−1 = εn−1
(c) Any primitive element x ∈ ker(εn−1) is primitive as an element of Gn.
(d) If two primitive elements x, y ∈ ker(ε0) are conjugate in Gn, then the tn−1-length of
ω is at most one.
Furthermore we choose the bijection φ : N0 → N0 ×N0 which enumerates the elements
of N0 × N0 diagonally, i.e. {(0, 0), (1, 0), (0, 1), (0, 2), (1, 1), . . .}.
Now, supposeGn has been constructed. Let (i, j) = φ(n) and let gn = φi( j) ∈ Gn. In Gn,
if gn is not primitive, or if it is conjugate to an element of 〈a〉 or 〈d〉, then set Gn+1 = Gn,
εn+1 = εn and φn+1 = φn. Otherwise we constructGn+1 as an HNN extension depending on
the value of εn(g) as follows:
(i) If εn(gn) , 0, we set
Gn+1 = 〈Gn, tn | g
tn
n = a
εn(gn)〉.
(ii) If gn ∈ ker(εn), we define
Gn+1 = 〈Gn, tn | g
tn
n = d〉.
Note that in both cases Lemma 4.16 applies and thusGn is hyperbolic.
If gn is conjugate inGn to an element of 〈c, d〉, say gn = α
−1
n xnαn for some xn ∈ 〈c, d〉, we
define εn+1 : Gn+1 → Z by tn 7→ |εn(αn)| + 4ε(tn−1) + 1, otherwise we let tn 7→ εn(tn−1) + 1.
Here, we interpret ε(t−1) = 1. Note that αn and xn are not unique here, but we fix our
choices for each such gn.
Furthermore we choose a bijection φn+1 : N0 → Gn+1 \ {1}.
Proof of (c). Let x ∈ ker(εn) be primitive. The claim in case (i) follows directly from
Lemma 4.2 since x is not conjugate to any element in 〈gn〉 ∪ 〈a〉. In case (ii) we can apply
Lemma 4.4 since since gn is primitive in Gn by assumption and d ∈ ker(ε0) is primitive in
Gn by induction.
Proof of (d). Let x, y ∈ ker(ε0) ≤ Gn+1 be primitive and let ω ∈ Gn+1 be a reduced word
such that ω−1xω = y. If ω contains no tn or t
−1
n , then we are certainly done, thus we can
moreover assume that we are in case (ii). Suppose the tn-length ofω is at least two, then we
can write ω = ω1t
±1
n ω2t
±1
n ω3 as a reduced expression, where ω2 ∈ Gn and ω1, ω3 ∈ Gn+1.
If ω = ω1tnω2tnω3 we know that t
−1
n ω
−1
1
xω1tn has to be a pinch, so ω
−1
1
xω1 ∈ 〈gn〉, i.e.
ω−1
1
xω1 = g
k
n. Since x is primitive as an element of Gn+1, it follows that k = ±1. But we
also know that t−1n ω
−1
2
dkω2tn has to be a pinch, thus ω
−1
2
dkω2 = g
m
n where m = ±1. Since
ω2 ∈ Gn, this is impossible by our choice of gn. Similarly the case that ω = ω1t
−1
n ω2t
−1
n ω3
is impossible.
LINEAR GROUPS, CONJUGACY GROWTH, AND CLASSIFYING SPACES FOR FAMILIES OF SUBGROUPS 27
If ω contains two adjacent stable letters whose exponents are different, we first consider
the case that ω = ω1tnω2t
−1
n ω3. Then t
−1
n ω
−1
1
xω1tn has to be a pinch, thus ω
−1
1
xω1 = g
k
n
with k = ±1, so that t−1n g
k
ntn = d
k. Now we also know that tnω
−1
2
dkω2t
−1
n has to be a pinch,
thus ω−1
2
dkω2 ∈ 〈d〉, so ω2 ∈ 〈d〉 since Gn is hyperbolic. But then ω was not a reduced
word to begin with. Thus we have shown that the reduced element ω has tn-length at most
one. If ω = ω1t
−1
n ω2tnω3 then an analogous argument applies since 〈gn〉 is self-normalizing
as well since gn is primitive in case (ii).
We now define G as the direct limit of the Gn. Note that the εn induce an epimorphism
ε : G → Z.
G has bCyc. Let g ∈ G be a non-trivial element. We claim that it is conjugate to an
element in 〈a〉 ∪ 〈d〉. We can find n such that g ∈ Gn. Since Gn is hyperbolic we can find a
primitive element h inGn such that g is some power of h. If h is conjugate to an element of
〈a〉∪〈d〉 or if h is conjugate to gn+1 inGn+1 we are done. Otherwise, h remains primitive in
Gn+1 by Lemma 4.2. On the other hand, our enumeration function φ and the construction
guarantees that in the end any primivite element will be conjugate to an element in 〈a〉∪〈d〉.
ker(ε) does not have bCyc. We first prove that if x, y are two primitive elements in
〈c, d〉 ≤ ker(ε0) and there is some ω ∈ Gn+1 such that ω
−1xω = y, then |ε(ω)| ≤ 2ε(tn),
where we interpret ε(t−1) = 1 as above. Let n = −1, and note that the conjugating element
ω lies in 〈c, d〉 since G0 is free. In particular, ε(ω) = 0 ≤ 2ε(t−1). Now suppose n ≥ 0
and let ω ∈ Gn+1 such that ω
−1xω = y. By (d) it follows that the tn-length of ω is at most
one. If the tn-length equals zero, we are done by induction since ε(tn−1) < ε(tn). If the
tn-length is non-zero we can assume without loss of generality that ω = ω1tnω2 where ω1
and ω2 are elements in Gn. Since ω
−1xω = y, it follows that ω−1
1
xω1 ∈ 〈gn〉 and similarly
ω−1
2
d±1ω2 = y. Here, gn is the element in the kernel of εn that was used to construct Gn+1
fromGn via an HNN extension.
Suppose ω−1
1
xω1 = g
±1
n . Then we also know that gn = α
−1
n xnαn, thus by induction
we know that |ε(ω1α
−1
n )| ≤ 2ε(tn−1) since x
ω1α
−1
n = x±1n , so |ε(ω1)| ≤ |ε(αn)| + 2ε(tn−1).
Moreover, by induction we also conclude that |ε(ω2)| ≤ 2ε(tn−1). Altogether we obtain
|ε(ω)| ≤ |ε(ω1)| + ε(tn) + |ε(ω2)|
≤ 2ε(tn) .
We are now ready to show that ker(ε) contains infinitely many primitive conjugacy
classes. Let x, y be two primitive elements in subgroup 〈c, d〉 ≤ ker(ε0) such that x is
not conjugate to y in ker(ε0). Suppose x and y are conjugate via some ω ∈ ker(ε), i.e.
ω−1xω = y. There is some n ∈ N such that x, y, ω ∈ Gn+1. As in the proof above we can
assume without loss of generality that ω = ω1tnω2 with ω1, ω2 ∈ Gn and ω
−1
1
xω1 = g
±1
n ,
ω2d
±1ω2 = y such that |ε(ω2)| ≤ 2ε(tn−1) and |ε(ω1)| ≤ |ε(αn)| + 2ε(tn−1). But since we
chose ε(tn) > |εn(αn)| + 4ε(tn−1), we see that ω cannot lie in the kernel of ε.

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Theorem 4.18. There exists a finitely generated torsion-free group G = H ⋊Z such that G
has bCyc but H does not.
Proof. Let C be a torsion-free countable group having bCyc and admitting an epi-
morphism ε : C → Z such that ker(ε) contains infinitely many conjugacy classes that are
primitive in C, see Proposition 4.17. Let
G(0) = C ∗ F(x, y).
We extend ε to α0 : G(0) → Z by mapping x and y to 1 ∈ Z. Moreover, we enumerate the
elements of C = {c0 = 1, c1, c2, . . .} and those of G(0) = {g0 = 1, g1, g2, . . .}. Essentially
the same argument as in the proof of [HO13, Theorem 7.2] applies. There is a sequence
of groups G(i) and epimorphisms αi : G(i) → Z such that G(i + 1) is a quotient of G(i)
and αi descends to an epimorphism αi+1 : G(i + 1) → Z. Under the quotient maps the
groupC embeds intoG(i) such thatG(i) is hyperbolic relative to C. Moreover, inG(i) : (a)
the elements c1, . . . , ci are contained in 〈x, y〉 and (b) the elements g1, . . . , gi are conjugate
to elements of C. If we define G as the direct limit of the G(i), we obtain an induced
epimorphism α : G → Z. By (a) G is 2-generated and by (b) G has bCyc since C has
bCyc. SinceG(i) is hyperbolic relative to C, if elements c, c′ ∈ C are conjugate inG(i), i.e.
wcw−1 = c′ for some w ∈ G(i), then w ∈ C by Lemma 4.1. Thus Lemma 4.3 together with
the previous observation imply that ker(α) contains infinitely many primitive conjugacy
classes. 
Proposition 4.19. There exists a countable torsion-free group G and an epimorphism
ε : G → Z such that both G and ker(ε) have bCyc, and ker(ε) contains a non-abelian
free subgroup.
Proof. We will first inductively construct a specific sequence G0 ≤ G1 ≤ . . . of
groups, together with epimorphisms εn : Gn → Z such that εn+1|Gn = εn as follows: We let
G0 = 〈a, b, c〉 be a non-abelian free group and let ε0 : G0 → Z be defined by mapping a to
1 and b, c to 0. Now, suppose Gn has been constructed such that Gn−1 ≤ Gn, together with
an epimorphism εn : Gn → Z. We enumerate all elements of Gn = {1 = g0, g1, g2, . . .} and
defineGn+1 as the following multiple HNN extension
Gn+1 = 〈Gn, {ti}i∈N | g
ti
i
= aεn(gi) if εn(gi) , 0 and g
ti
i
= b otherwise 〉.
We can then extend εn to Gn+1 to define εn+1, by mapping the stable letters ti to 0 ∈ Z.
Finally, we let G be the direct limit of the Gn. Observe that G has bCyc with witnesses
〈a〉 and 〈b〉 and that there is an induced epimorphism ε : G → Z such that 〈b, c〉 ≤ ker(ε).
Moreover, since the stable letters of the HNN extensions are contained in ker(ε), also ker(ε)
has bCyc with only one cyclic group 〈b〉 as the witness. 
Using arguments as in the proof of [HO13, Theorem 7.2] one can construct a group as
in the previous proposition that is additionally finitely generated.
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Proposition 4.20. There exists a torsion-free finitely generated group G of exponential
conjugacy growth that has bCyc .
Proof. As a first step, we will prove that there exists a torsion-free countable group
G that contains an infinite cyclic subgroup 〈a〉 such thatG has bCyc and the elements a2k+1
are pairwise non-conjugate. Moreover, there is an element t ∈ G, such that at = a2. In
the end, the latter property will ensure that the word length of an element am is of the
order of log(|m|). We will constructG as direct limit of countable groupsG0 ≤ G1 ≤ . . . as
follows: We letG0 = 〈a, t | a
t = a2〉 be the Baumslag-Solitar group BS (1, 2). Note that this
group has exponential conjugacy growth, as the elements a2k+1 are pairwise non-conjugate,
see [GS10, Example 2.3]. To construct Gn+1 from Gn inductively, we first enumerate all
elements in Gn \ (
⋃
g∈G〈a
g〉) = {g1, g2, . . .} and then form the multiple HNN extension
Gn+1 = 〈Gn, {si}i∈N | g
si
i
= t〉.
It follows inductively from Lemma 4.2 that the elements a2k+1 are pairwise non-conjugate
viewed as elements of Gn+1. The direct limit G =
⋃
n≥0Gn then satisfies the previously
required properties as any element in G \ (
⋃
g∈G〈a
g〉) will be conjugate to the element
t ∈ G0.
In the second step we want to construct a group with the same properties but which
is additionally finitely generated. In the following we will write C instead of G for the
previously constructed countable group. We let
G(0) = C ∗ F(x, y)
and enumerate the elements of C = {c0 = 1, c1, c2, . . .} resp. G(0) = {g0 = 1, g1, g2, . . .}.
Note that G(0) is hyperbolic relative to C and x, y generate a suitable subgroup of G(0).
In the following we will not distinguish notationally between elements of G(0) and their
representatives in quotients of G(0). We will inductively construct quotient groupsG(i) of
G(0) such that
(a) the subgroup C embeds under the quotient map into G(i). Again, we will not
distinguish between C and its image in G(i).
(b) G(i) is torsion-free and hyperbolic relative to C. Moreover, x and y generate a
suitable subgroup of G(i).
(c) The elements c j for 1 ≤ j ≤ i, considered as elements in G(i), lie in the subgroup
generated by x and y.
(d) In G(i), for 1 ≤ j ≤ i, the elements g j are conjugate to elements in C.
(e) The elements a2k+1 are pairwise non-conjugate in G(i).
To construct G(i + 1) from G(i), we proceed as follows: If gi+1 is parabolic, we set
G′(i) = G(i), otherwise we choose an isomorphism ι : EG(i)(gi+1) → 〈t〉 and form the HNN
extension
G′(i) = 〈G(i), s | es = ι(e), e ∈ EG(i)(gi+1)〉.
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Note that 〈x, y〉 is still a suitable subgroup of G′(i) [HO13, Corollary 2.16].
In the next step, we apply [HO13, Theorem 6.2] to G′(i) and the elements {s, ci+1} resp.
{ci+1} in the case that gi+1 is parabolic, to obtain a quotient G(i + 1) of G
′(i). Since s will
lie in the subgroup 〈x, y〉, we obtain a quotient map G(i) → G(i + 1). By construction, (d)
holds for G(i + 1). The properties (a)-(c) follow directly from [HO13, Theorem 6.2]. The
last statement (e) is a consequence of Lemma 4.1 and the fact that G(i + 1) is torsion-free.
Finally, let G be defined as the direct limit of the G(i). By (c) it follows that G is 2-
generated, property (d) implies that G has bCyc since the same was already true for C.
Moreover, by (e), the elements a2k+1 ∈ C are pairwise non-conjugate in G as well. ThusG
has exponential conjugacy growth. 
Proposition 4.21. Let Q be a countable group with n conjugacy classes. Then there exists
a torsion-free countable group G with n + 1 conjugacy classes such that Q is a quotient of
G.
Proof. Let {q0 = 1, q1, . . . , qn−1} ⊂ Q be representatives of conjugacy classes of
elements in Q. We let G0 be a countable free group and ε0 : G0 → Q be an epimorphism.
We can moreover assume that ker(ε0) is non-trivial. Choose preimages g1, . . . , gn−1 of
q1, . . . , qn−1 under ε0 and choose some non-trivial element g0 ∈ ker(ε0).
We now inductively define countable torsion-free groups Gm together with epimor-
phisms εm : Gm → Q such thatGm−1 ≤ Gm and εm|Gm−1 = εm−1.
Suppose Gm and εm have already been constructed. Enumerate all non-trivial elements
{h1, h2, . . .} of Gm and form the multiple HNN extension
Gm+1 = 〈Gm, {ti}i∈N | relations explained below 〉.
We know that εn(hi) is conjugate to q ji for some ji. If q ji = 1, then we impose the relation
h
ti
i
= g0. Otherwise there is some αi ∈ Gn such that εm(α
−1
i
hiαi) = q ji . We then impose
the relation (α−1
i
hiαi)
ti = gi. With these choices we can extend εm to εm+1 : Gm+1 → Q by
mapping all stable letters ti to the trivial element in Q.
Finally, we let G be the direct limit of the groups Gm. By construction, representatives
of the conjugacy classes of G are {1, g0, g1, . . . , gn−1}. 
Note that the above construction is optimal in the sense that if Q has n conjugacy classes
and contains torsion then any torsion-free group G that surjects onto Q must have at least
n + 1 conjugacy classes.
Now letQ be a countable groupwith finitely many conjugacy classes but infinitely many
conjugacy classes of finite subgroups. Then Q has bCyc but not BVC, see Example 1.12
for the construction of such a group Q. Thus the previous proposition also shows:
Corollary 4.22. There exists a group G with BVC such that a quotient of G fails to have
BVC.
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